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VAIU) DODGUS KAUF PR 

Introduction 

this paper has arisen frooi an atteopt to detamf.ne the nature of computer 

Instructions froei the viewpoint of general function and sat theory* Mathematical 

swehines, however the term la understood, iw not adequate oodela for the 

computers of today; this is true whether we are talking about Turing oachioee, 

■^ sequential ma chine a, puah-down autonata, generalised sequential ttechlnae, or 

my of the other nuoerous uehlu udeli that heve been fonulecsd In the U« 

fifteen years* Host of these models are either not general enough, as the 

sequential or Turing machines with their single input and output devices ; or 

capable of accurately reproducing only one important programing feature; or in 

a sense tco general (see the diacuaslon of saqusntlal machines in Chapter 10 

bet** 7 )- Cn the other hand, modern computers, whether they ere binary, decimal, 

or talved. whether they have one or two lnetruottone per word, or one inatructlon 

covering several vorde, have eeweral important common features. All of their 

instructions have input, output, said affeoted regioas (in the sense of Dafinitlona 

B and t below}. The study of the input and output regions and the structurs of 

i 

affected regions of all the Instructions on a given computer can provide a key 
to its logical efficiency. 
> Various directions of further study may suggest themselves. This computers 

' .produced here seen to cover at least two situations which have nothing to do 
with ••hardware**! the construction of en algorithm (eueh aa a flow chart) and 
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A 1 )l B R Y OF COMPUTER INSTRUCTIONS 

ERRATA 

P. IS, lino Ws'lX B x" 

P, 19* line 10: "if x £ OR(I x > but ,,, " 

p. 19 f line 22: "if x£ OR(I 2 >," 

P. 20, line 3: "s'lR^J) ** sJlR(J)" 

P* 20* line 16: "x£ ORd^ -1 

P. 20, line 19: "x{ OR(l 2 >" 

P. 27, bottota; "by cons: ruction of .5 " 

P. 29, line 10: "Sj(fc) - S 2 (z) for z £ IR(X) ," 

P fl 33, third line from bottom was omitted; it should road: 

"as the intersection of all subsets N of H which posties* the predicate AP ? ( , i', i 
P* 34, line 9; V, I r )> so that" 

P» 34, tenth line was omitted; it should road: 

"lj>, I 2 ) = I 2 (I 1 (S 2 ))/H - AK 2 (AR 2 (M', ip, I ? ). Therefore AR^AR^l', » 
P, 34, seventh lino from bottom: "AR-CM* » I) = AH(M', I) \j ,,. 1 ' 
P. .34, second line from botoom: "This shows that <H f - 0R(1)>" 
P. 34, bottom: "<M - <0R(I) - AK(>V $ I))) fl (M - Z) possesses ..." 
P* 35, line 2-4; replace vith: 

"AlCM 1 , I) U (>!' - 0R(I) - 2). To show the converse relation, 

VO note that ARCH 1 :, I) C AS 2 <H f , I) follows directly Cro™ 

the definitions; also if we choose sJm-M' " 
P, 35, line 5: "- S^M-M' » 
P. 46j line 1: "input, output, find affected- 1 
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th« construction of a program In n coaputor l*tigtt«j*> iuch on ALOOL* M«o, ve 
(My be &bl« to prove £er-re*chtng th*or«» by tapotliif r*t trie tic as on tbe 
computer! b«T*lD defined. 
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1, A S<©j'!e Hod*i 

Most wodarn computers art either binary or decimal, buc sobc are a 
combination of the two, and thaore:icaliy there is nc reason why ♦* computer 
could not he constructed to the base 3, 7, 16, etc- To nay that *: computet 
in constructed to tht" base n oreans that each "elcoen'i" of the cooputftr 
(£• 0- t each bit position or djcliael digit in a computer word?* ii rapablc 
of ^acawDing" the values thxough n»l. For the sake of convenience, we 
shall nov make a restriction (which !■ removed in Chapter 4) that the base 
a is constant over the whole cc«puter. 

All computers have a memory , which is a finite collection of "element*" 
of the shave type, tfe way now drop the quotes and apeak of the raemory of * 
computer as a finite see M, whos* ele*ents aw permitted to maum valua* ;rom 
through o-l. A particular state {soaetimas known as an "instant cnaoua description"; 
of th& cotaputer Is then a specification of such a value to each element of H; i*e*» 
a function from M into the aet of all integers fro© to n-L This suggests that 
our treatment of the "number base' 1 a of a conputer, above. Is inadequate, *uid that 
wo ought instead to consider a set 3, called the base ££ace» whose cardinality is 
ft* ba^e of the computer. A state of th* computer » **»n en arbitrary oa r Iron 
N into S- 

Some computers hav« accumulators, Index registers, "Q-registers", and'or 
other apecial-purpose registers- It it Important to note that we arc- rega/dlng 
all such registers as subsets of M* Bach register has its own "elements" 
<blt positions or decimal digits), which are regarded here on the m> basU 
as the corresponding "elements" of a standard core oemory cell; ie., as fttaamnta 

** W* set M- 



ALooet all oonputers have input-output devices* It Is possible , of 

course * for cooputers to coaxpute without using Input-output devices* and 

one might expect thst such devices are not necessary from this point of 

view* In fact, input-output devices end the instructions ftoverulng their 

are included in the present aodel, by extending the nemory to b- infinite; 

this Is discussed in Chapter 10, We shall therafor* pootpon* d=scue*ion 

■ 
of Input and output, and aesutse that our computer has no such devices* 

Passage from one state to the next is carried out by means of I nst ruct io ns- 
An instruction* then* la a method of passing from one state to another 
state; l.e s * a nap I * J-— >i where J la the Mt of all etates undt'r consider- 
ation. Let us aesuvc for the moment that ^ U In fact the set of all ■.- :■•-, 
from M into B» let us* in turn* denote the aet of all inatructioas in 
a given computer by J * We then have the following definition* 

DSfUrriCK A» Let H and B be finite sate* let £ be the aet of all 
mapplnga St M -* B* and let J ba a set of Mps I**/-*/. Hwr the 4-tuplo 
<*** B > J u) ) i* * finite cogplete counter . The set M is the qemorT of 
the computer; tho aet B is the bate space ; the members St J are the 
Atqtea i «nd the menbere I €2 are the i ns t ru c tions . 
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2* Input end Output Regions of an Instruction 

Each Instruction It *+ -*j& has associated with it two subsets 
of M, in o rwnwr dictated by intuitive considerations* 

As an example* let us consider a computer whose memory contains 
a "core cell" v and an "accumulator" AC, l*e* t YC M and ACCM, and 
thare is to inatruction (poeeibly called "cl^ar and add Y, M "load y, ,f or 
"zero flr'. add Y") which movea the data in Y to AC* When we speak of "the 
data in Y" we are implying that the coepuler la in a given atate S: H-+B, 
and the restriction of this map to Y (denoted by S JY), which io a nap 
from Y into B» la a code representation of a number , one or more characters, 
or the like- What we seek is a rigorous foraulation of the phrase "onvus 
the data," Stated another way: The institution I - (Cl*A Y)» cr "clear 
and add Y," is a nap fro* M* into *& % where^ie the set of all naps 3: M-^-D 
Yet there are clearly associated with the Instruction I f two subsets of H; 
one Is Y, and the other la AC- Whet is the precise relation between I and 
these two subsets! 

Before ue answer this question, we would like to moke two wishes; 

(a) He would like to call Y the "input region" and AC the "output 

region" of I* Each instruction, then* may "take" date only frcm its in: nit 
region, and may "place" data only in its output region. 

<b> We would like the definition of "input and output region" to live 
meaningful results when applied to any instruct ion--at least, any one*! 
instruction on a real computer* In order to make this precise , lot us 
mention certain commonly used instructions, with their (putative) input 
and output regions: 
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X* A store instruction <STO Y)» vtoich stores data from AC In 

the cell Y. input region* AC; output region, Y» 

II, An add instruction (ADO Y), which adds the data in Y to 

the current contents of the AC* and leaves the result in 

the AC. Input region, YUAC; output region, Y. (not*: The 

sdrne holds if "add** Is replaced by any other binary operation, 

euch as: subtract, multiply, divide; logical and, or, 

«xelusive or,) 

ni. A ghl ft instruction <WJL 6) which rotates register MQ 

left by six places. Input region, WJ; output region MQ. 

■ 
Without giving any more exsn-ples at the moment, we proceed to our 

definition,. 

DEFIHniON B. Let <H, *,J,\J!) be 8 computer, end let I fe*^ . 
Then the input region IR(I) Se M end the output region OR(I)C M 
■re defined as follows: 

CK<I) - jx«H)3sf J$ S(x) * I(8><s)J 

XR<1> - {x«H;3 S l( S 2 ^,y(oa(I)^ S^z) • S 2 («). z # x, 
end I(8 1 )(7> t X(S 2 )(y)| 

Roughly speaking, OR(T) is the set of ell elements of H which "con 
be affected" by X; If x ^ OS<t), then x la "unaffected," i.e., the state 
of x before the instruction, S(x) , equals the state of x after the 
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Institution, Z(S)(x), for any atste S£^ , Tbe input region IR(t) is tht? 

sot ct all alements of M which can affect OR<I); an element x Id in IKO 

i£ there exists s state S, such that, by changing it on x alone (and 

obtaining S*} one gets different results on sooe oleoent of 0R(1) nfter 

the instruction I* Hote that the definition of IR(I) depends t*n OR(t); 

this flceoa to be unavoidable* 

The following property of input end outinit regions is fum-tfaente i . 

PROPOSITION X* Let S- end 8 be any two states and let I be any 
instruction. If Sj | 11(1) - 3 ? [ IR(I), then KSj) | OR(I) * «S 2 )| OR(I). 

Pxoof: Let IP(I) (the topat property ) be the following piedtcste 

of subsets of M: M* possesses IP(I)<^> <S L [ M f -S 2 |m 1 r^i(S 1 )|oR(I) 
I(3 2 ) | OR(I) for ell s,, 3 £„/). He must prove that IR(I> possesses 
ZP(l)o We first prove that the predicate 1P(T) is preserved under tb* 
talcing of intersections. Let Hi and M" be tw subsets of >:. etch of vhlch 
possesses tP<l), Let S 3 end S^ be any two states such that 3 3 ) H'O H" * 
S^\n % M". Let S 5 be defined by S 5 (x) • S^(x) t x€ H'; Sj(x) - S^(*i, 
x£ j*\ We have 3j| M f - Sj | M' and, es can easily be verified, S 5 | K" * 
S A 1 **"* Since M* and M" each possess IP(I)r we hsvc t(S 5 >| OR(I) » 
I(S 3 > | OR(I> and also I(S 5 > | OR(T) • 1(3 ) | OR(I), Therefore !<$,) I OB.il) 
* U&±} JOR(I). This shows that M*0 H" also possesses IP(1>. 

tfow tGlze the intersection of g H subsets of M which posstfts IP(I)< 
Since M is finite* there will be only a finite number of these, am 1 the 
l£tefM£|:iun *rtll therefore possess XP(I>* We show that this intersection 
(call ft H.) Is equal to XR(I>. Note that the definition of IR(I) can be 



rewritten: ra<I) - / xf H: H - £xj does no* possess XP(I»? . Thus we 
need only prove: for each if H,M* £x£ possesses TP(I) it and only if 
x t Mj. But if M - £xj poiMases rp(l), then f^C H *£x§ by definition, 
so x^ Mji conversely, if x f R^, then there exicts eoae set K^ possesii.ug 
rP(I) to which x do*© not belong, and if Hj poaseu&eo IP<I)» then since 
M " £ x 3- M 2 f M "| x 3 Cflrtflllliy possesses IP(I), This completes the proof. 

Thus, if two states agree on the input region of an instruction, tiut 
results on applying I agree oc the output region. This would rnim to follow 
immediately from the definiticne; yet the length of the above proof le not 
artificial* The result, in fact, does not hold if M is infinite (unless 
other changes ore oede). 
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3* A Few Generalizations 

At this point we may aak: Bow general can we make the sets M, B, 
^ f and \$ without losing Irs cost Importirat properties? The cnlj Ira- 
port. ■ . property of computers wc here at Che isoraent Is Proposition I; 
hot/ever* lr turns out that the aems conditions which ensure Proposition 
I also are sufficient for our other purpose, in Chapter 6 we shall 
discuss what happens when these conditions are relaxed. 

As we have seen, there Is no reason to suppose that D h.is cither 
Z or 10 eleaeata. Of course, u B U ec^cy, then so lav > milt it 
B has exactly one eL«o»nt t there can be only one state S (and Ivcttce oaly 
one Instruction I). Since these two casea are uninteresting. W nay 
postulate that there exist at leae t M t w p M clepgnta In B * In feci f this 
postulate will becoae essential later on, 

Irco for real coi^witers, we nay consider oth*?r cardinality eu for B 
th/m 2 and 10, Mo may, for example, regard o character oochim as a 
coittputor with the separate 6-bit (or 7-b*t, or 8-blt) characteis eo 
elements of «, and give B a cardinality of M (128, 256), For o binary 
computer with 36-bit words, we can consider the words os tleacrtt* of tf 
(provided thero are no 15-bit index registers) and consider B fg having fl 
cardinality of 2 . This raises the further question: Can wc ellow a to 
be infinite* Certainly* In fact, In the previous example, we could let 
the vorda of a conputer be the elements of a set M, and icafcc the (Idealized) 
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assumption that .1 word may contain any. Integer lor ony real on/jber), 
Thuf- we get a cooouter In which the base space la the Integers or the 
reals. Bono of the theory diacusaod here precludes the cuae In which 
the base space la Infinite, l'be only condition imposed on B la the one 
above: that its cardinality ?» at least 2. 

I* tt possible tc consider,/ as only a gu bas t of the set .»< nil 
aapn Si H-»BT If it were poaaiblo , conalotencly with \J? (i.e.. SfJ 
Implies I(S)^^ , for all I tvj?) than the choice- of*/ night Iiave an 
effect on the input and output regions of an Instruction, It turna out 
that It is necessary to impose one condit'on: 

(PI) £f Sj, S 2 ^^ , and M' la ony aubsot of K, then the atat -r S,, Vtth 
S 3 (k) - S^x), x € M', 

s 3 (x) - $ 2 c*), x d n' , 

la._a member of ^ . 

Thus for a decimal machine, it la possible to consider faniliea J, 

ouch as the following: S 6 <J if and only If S can only take the valuce 
3 or 7 on a subset 1^ of M; only the voluea or 1 on .mother f.uhaer M_; 
and oay take any value elsewhere. If H ia finite, however, no other 
conditions need be icposed on <* . 

However, if we allow M to be Infinite, a new situation cnuej up. 
In thia case, in fact, tt la unwise to admit even the entire class of 
u»ps S f*om M into B. This raises the question as to whether wo afcouU 
ever lot M he Infinite) shouldn't we itick to f_lnlte eoraputera, in which 
H (and therefore,/) t. n finite, just as la usually dona in sequential 
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cwculne theory! Of course , ** can only l*e finite If B tu finite; but 
tborc ifi another consideration 

Let as consider the following exarpj.e of an (infinite) cacg>uter t 
The traoory H consists of the integers* Ibe base apace, B, la the union 
of three finite seta, K, £ , and A » A nap S: M — > B le said to be 
tSX&tt and ooly if; 

s<o> 6 x; 

s<%) 4 £ » * > 0; 

tfote that this family*/ satisfies tbe condition given above, There :j 
exactly one inattuctioa X (v' » For k r or I , I(S)(x) is defined 
to be S(x-l)* Let us be given two arbitrary maps, <£ : K *£-*-> K, 
and X : K x £ -*^ • Then we define 

I<3)(0) - g<3(0), S<-1», 

l 

KS)<1) - MS(0) r S<-1)>, 

It should be evident that w have given a realisation of a sequen- 
tial machine 111 as a coioputer. The states of the sequential machine 
ore the values S(0)# The inputs enter at -1* and tho outputs appear au 1< 
The aotlra input and output "tapes" are part of the memory, although the 
instruction taakes no use of this aeroxy <e*ccp>t for -1 > other than to 
■ >.■-■ it forward by one square* Without going Into the nttrits of this 
particular realization, we see that infinite couputero are, in fact, 
interesting- However, for infinite computers, it becoaes necessary to 
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■ : -of.r another condition on </ t , 

(P2) If Sj, S 2 £*/ f then £ x £ H: S^k) * S 2 <x>5 is finite, 

Ho special conditions at all ar neadod on the &*t\& » We may 
therefore make our general definition of a computer so follouu: 

t C FIWrilOM C, Let M V* arbitrary, let B hew at leut tuo elements, 
s -/be a set of naps Si M *-S» B satisfying conditions <P1) and (P2) 
given above, and letsJ*be a act of maps Z:^-*^» then the 4 -tuple 
<Mi Bi -/ , \/ ) la a computer . As before, H la the ffigaorg, B is the 
bft go ££aca, the loembera of^x are called states , and the ©enters of 
■'ire called instruct lops t * " 

The reason for introducing the coodltlons (Pi) and (P2) hns to 
do with proposition Z* We abould like to know, not only that he con- 
ditions Insure that Proposition I can be properly extended, bur that 
they are llltevise necessary for this purpose, 

PHOPOSrnCB XI. Ut Oi,l»^,^)bea computer and let t £tJ? * 
If 8, and S 2 are any tvo atetea of *f r than S, I IR(I) * S I IR<T> lopUua 
Z(Sj) J OS<I) • I(S 2 ) | OR<l)o Conversely, let K and B be arbitrary eetn, 
ood let*/ be a set of naps 8: M -^B ifclch falla to satisfy <P2), Then 
there exists a map X: «/-*</ and tvo states S- * S ? t *df s<ich that 3. I IB«'X) 
~ S 2 | IB<I>, but Z(S t > | OS<Z) t t(S 2 ) | «<!)• 

Proof: Ut ZP(I> be as In Proposition I. The proof that the 
predicate TP<T) la preserved under intersections la exactly aa In 
Proposition Zt although ve note that the construction of the dteto S» 
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from S 3 And $ L is now possible because ** jotli.fiea condition (PI). Not; 
take Che intervection of all subsets of K thlt-h possess IP(J)„ This 

intersection will be equal to tR(l), Just as fj» Preposition X, end 
it remains only £o prove thnt H , the intersection, possesses IP(I). 
Let Sj and Sj be a\y two atetea such that S^] r^ ■ Sj M,. Let K, - 
£x6 H: SjOO i* S,<»)J . Since ** satis flee condition (P2), H, la 
finite, and HjH H 2 " 0. Let x^ 14 i £ n, be the eleoents of M,. 
Since e ( .f Mj, K - £xj possesses rP<I) (Juat as in Proposition X), 
and, by applying condition (PI) repeatedly, wo see that M - H_ 



pWseases IP<Z). But S^ | M - M 2 - S 2 | M •■ Mj, so that X(Sj) ( OH(t> - 
I(S 2 )| 0H(I). therefore, M^ possesses 1P(I). 

Bow let Sj and S 2 be any two states of S such that M. -£;**> H: 
SjOO - 5 2 <x)J U infinite. Let yf Hj, and define a map i: J-%^ 
as follows: I(S)(«) - S(z), z r »; I(S)<y) - S 2 <y> if £x£M: S(x) * 
S 1 (x)3 is finite; I(S)(x) - S^y), otherwise. Clearly y la the only 
element of M that can be in OR(I), and since 8j<j} * 1(3, )(y). we have 
ORCI) = &1 . We claim that IR(I) - $, T o sea this, suppose x ( »<i), 
and consider states S{ and S^ as in the definition of IR(I) , with S'(t) - 
S 2 (z> for z r* x. Sine. £ x (I M: Sj(x) r S^Ot^ and |*€ Mi S'<x) * s^x)} 
are either both finite or both infinite, we oust have I(3p(y> » X(S')(y), 
or i<|->) ORCD - «S*> | 01(1) , , contradiction. Therefor. 3 t | iR(i) 
- S 2 | »(» ia true vacuoualy, but 1(3^ | 0R(I) * I(S 2 ) \ 0R(I). This 
corrpletoj the proof. 
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4* Tiio Product Model 

We might alco conoid* r how to take Account of con*puters which are 
oart binary *nd part decinal; i*c* F in which there ore two base tpoccfl 

B l 3nd B 2* imd tllC olea * enta s (*) are * n B i £° c *£ M* 0*«e H 1 C M 
Is the "binary part* of the meoory) and la ?» for x ^ M** One viny to 

do thl3 Is to consider n single base space .1 ■ B. (J B** and to put a 
corresponding restriction on <•& i S £ ^ If snd only if S(sc) £ B,» 



x 6 MS find S00 £ B 2 t x ¥ M'- This fmil j*£ oatiafiee (Pi)* 

Another way is to re-examine the structure of the set jtf * The oet 
of all naps Si H -> B can be thought of as tho cartesian product of 
copies of B« over K aa the index set. The net of states.^ given In the 
preceding poragropb -can be thaught of as the cartealsn product of two 
cartesian products: on* of copies of B, ovor ludes set M 1 ; the other* 
of copies of B 2 ovor index set H-M f * Might, we consider a cartesian 
product of arbitrary sets B » for z £ M, where M is eons lndet cot? 
This would correspond to a o«t of maps S; H — > B, whew B is the union 
of the (distinct) B R> and S £^lf and only if S(x) £ B x for each x H« 
This* however, raises the question aa to %&eth*r such a f*mlly<f always 
satisfies (Pi)* For finite coaputero, the To 1 loving proposition answers 
this question in a very strong manner* 

PBOPOSrriCR III* Let (M* B-^tf?) be a finite conputer (l.e* f 
the memory M le finite)* For each x £ H, let B »£b £ Bl S(x) * b 
for soma S £ «£ ?« Then^ie in fact the set of all maps Si H - >ft such 
that S(x) 4 B y for ell x 6 M. 
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i'ROOPt Jjn 8: M ->3 be any oap sucU that S(x) €: B k for «;i x 6 M# 
We wish co prove fchat S£ £ « Since S(x) € B > there exists* for each 
X £ M> nap S 6^a«h that 3 (x) «■ 8{x) .. Tte proof la coopl^tcd by 
applying condition (Pi) repeatedly to the elates S * Since tho coadltion 
need ouly be applied a finite number of tinwe (one for each element of 
M), the state S will bo In j/| clearly no other atates can be in *£ . 

Thua, If K is finite* the cartesian product of arbitrary ©etc B » 
over M as index oct* corresponds to the aet of statec </of o conputer* 
which satisfies (Pi)- Furthermore* in this caee» we gain no generality 
by considering a subset of <£* For. if the subset^' aatlaflaa (°1), 
then 1? defines its own subsets B' in the first place* Time we are led 
to an alternate doflnitlon of a finite computer* 

EOTIHmOfl d. Let H be finite * and fo-: each x 4r M» let B be a 
non-uraptY oet* Let*/- *T1 B^* If tj?ls a sot of maps It >/-%,£ * than 
(M,^» ,jO is a finite^cogy uttt r * The lnde:c aet M la the memory ; tbe 
pla ym ate o£^?ore the j ^pto .s,: and the oleseuts oAJ?are the instructi onal 

If H is infinite, the statement of Proposition XIX doea not hold* 
Even if >/ satisfies condition <P2)» and B *B for all x £ Mi the roet we 
can oay is that* given any atate S t *± » & consists of all states S v 
such that £xtf H: S(x) ** S*(x)3 i» finite* This is exactly the situatic 
which la known in algebra as a restricted prodyct * For example , If we are 
given an infinite Dunbar of groups * then tba restricted product of the 
is the set of all elements of the cartesian product which have only a 
finite number of non-identity elements. Thct result la a subgroup of the 
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'CGFtfXata plruAictjh M i u Gp, :he corfccoiru prodjct uUh oultlplii Kion 
jttffffoE&tld by rultiplying coordinates. Wo give g perioral JaflnitioQ of 
rontxlcted proaucirn before pitting to the se-.icrnlls3t5.on of Proportion 1TL* 

9E?tHZT?XH B. Lot M *oe at. arbitrary inlex set, and Cor each x£ H 
let 9 b* £ non-enety oefc ond b w element of B * The restrict «<t Product 
o£ iih* a * relative to the h , Is the aot of all ctawtnta s£ Tl b such 
t!wii; t if c^ la the co-ordinate of z in xf H, then ¥ *£ XI b f 4 b ? 1* 
ttaito* 

TOOTOamDH IVo Lot Off B, */, vtf) be 1 eonputcr, let S Q 6 J* and 
for ouch x £ H 9 lot B^ «£fc £ B| S(x> * b for aoce s £<f^ Them/ is 
In .*ac;i: the oct of all maps Si M -> D such :hat !*(k) <£ B fov all x £ M, 
and auch that $ x £ H: s n (x) s* S(x)J U ?l&it«. 

Priori tet S: M-*B br any cflp cucb that S(x) £ B for all x<^- M Ami 
let^n: £ M: S <k) / S(jc)^ be a finite set H 1 £ H» flace 300 £ Q «, 
then «elrt8 f for each e^ H 1 , a nap S w 6^ *«h that S (x) = Md« the 
proof is completed by applying condition (Pl> repeatedly to S Q ami the <finit*> 
collection of statu 8 ■ Since the conditio -i need only bo applied a finitf 
writer of ttnec, the* otato S will b in*/* Clearly* under the condition* 
C**) and (P2)> no other oapa St M -^B can bo In *£ * 

Thuj any reotricted product of setfl B, corresponds to the ?*t of 
OfiatftS of a computer, eaticfying (PI) and (P2) # Furthermore, we Again 
gain no generality by considering a auboet of *£ <, Thu* v* may give our 
eltt-irnotlvo definition of a con-puter in full generality.* 

tXrmSOm ?o LsS: H bo ad arbitrary non-wspty act, and for afioh * *-M, 
Xvt B a fi© a nonempty act and b^ a rambor of B^ Lct*£ be tho restricted 
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u (r% -/ ^/- > * ' a iSSffiSfl" ^**- fl *&<*** *■* y ,s c < lc SJ82E. >"J l * M 
*:?cw*rcM ot ' ■**"'- the ggqt e tfi feind tho elrmMita oi + ■ -' ' tuv tilt 1 JjStUTI ' * + - 
I* nhoiii*! t*<* ttcsphrjl^dnl tiMi the t.w {j£i<er-i] definitions of •* cch^i 
>T;*2iftitlon C ffir! ;Wit-i£'.oi: i'} are not really dilfcivnfc; the net 01 
£ta^<*3 *& \c bcirtij jlewd in a different guise in caeh cece v for tcflu .1 ) ■-•*. 
f 4 cor£oii> noxi'iJi'y ccnce;>tu need to to redefine*, At' M ( t* a mibsat o* 
*& d*n*t« tbc utVTal projection of |T^ t^ on*;o IULi B„ by P:<K, H\»» 
an*; if $6J\ -*? duaofi* tha GleranG »rW» M*>(8) by s| M'* V*c iilmiwn? 
3 I £x^ t Kharc x £ M» ts 1 lacmbar of ft which way bo denoted by 300 
tfi*:h tt^so ww rt»£inlti:m9 of y(x) and S| M'* auch concept:? or, input sud 
«>iT*put r<*pioa r.\iy *isflii> be d'sfxned, oii<J correspond exactly to these ne&ionn 
iw>d#y che niod6l o€ Definition c* 

Tt tiKiy happen , und?x the product nodal t that :■ • < of the sato II 
hnw cncdlaatity 1 (Cor example, by ©electing a sub:*et jf * all cf whoso 
ntabcrs are weh rficfc Six) =» b for none x ^ M» b «£ B)* The internal 
structure of rjoch :i computer in the >iatm> ao that oi: the counter obtufnod 
!»y oliii'inattig Pit ouch seta B .. In particular* an clement 16M 6>r vhfeli 
*il hos cardinality 1 ca 1 never b* contained in 18(0 or 0R(1)» tot onv 
inptruction £♦ 
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Ai 4hir eta-ater, ,» thai! uce computers utdor Definition c.. On.' 
•■" aba fiwc tfctoefl vn notice about couputoi; itiBtructlous, o;: ,•;..<■ a** 
o-.-wul.iced h<jr«. t tfwe if i;u( > taatsuetioaji nra porjtormcrf mo -.t.-v :'., 
,L«SS, as they are In a ital computer, cho i*ault la tttof. Spuooj>£rio» 
Sweifically, if x y t J**£m* l^i^Jm instructieo, on .. coapwr, 

'"• n V h " J ast1 V *i " J' «« «va ft** */ infcov/, «nd ..* 9U c;, 
'',nvc Choi* em Input nod >utpufc ttt S iouo„ wbat eolation do these re-giona 
(«W With tt» Mfilow W| J, ORdj), JS{ip, on,! ai(X 2 )T The follOKinfl 
pxopasttloa gives cho aor-mr, 

»»!TCJT7ffll V.. Let <M» B»-/,t? ) be a c<- ,uto lf fc, t £ y? , and 
1-18 Jl J-*J\«. dttfioed by Jf{8) - I 2 (Ij<S»- '/en JRCJ) £ »<I,)U IR<T. n > 
«d OHa,> - CRtt 2 ) ?; ORCO £ oiOyu OR<J 2 ) , « M (i 2 ) n ORClj) - 0„ 

th« KR<iy£ ia(j)fr ir( yu aia 2 ) «d or(j> - tmayu or<:c 2 )o 

'-Proof i So carry thrmgh calculation a like fchla, it la belpf.il to 
bavo Chfi £ollo»ing Uramat .c fseta* 

(a) TV Input property 1P(1) Is preoorvod undo? the taking of 
aiaQrMtfl, « a nil aa int-wectiona; if M' pocissaaas rP(I), flnd , r - tf, 
J.Ewn W poaMOwe ira). Tho input region TR(i) 1. the int«r 9 *ctlon of 
all auboeta of M vhich poi aaoG )P<x) c Thoroforo, a ouboet pommm* t*;m 
mid only i£ it ecotaioj IR(I) 



0» If M' poaoa.oaa rP(X), than 3, | M « - : | „• ^lie. ,<«, )| „• 
C<V j K'. )?or let s x j tf - 8 2 | * and let y£ . '. U y ■£ Oft(l), th*« 
KSjJty) - X{S : 0<y) bv Prcpouitioca J and II. I* y «* R<I), then 
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*(SjHy) - SjCy) - S 2 (y) - I(S 2 )(y), by definition of OR(I) and liy 
hypothesis- Tbo lanma i;i theraby proved, 

(c) If XR<Xj) O ORClj) - 0, then for each S^^va have 1 2 (S)| 
CTO" 2 ) ■ J(S) I 08(X 2 ). To Me this, let x £ IR(I 2 >; we have S<x) - 
I i C8>Cc>P Glnce *( ORO^). and tbi8 shows that S | XK<X 2 ) ■ Jt,<B) | IR(I-). 
By Fmpositlons I and H, I 2 <8) | OR(X 2 ) - IjdjCS)) | 0R« 2 ) - J(S) ( 0R(I 2 > o 

We proceed to the cc Iculations . Lot x ^ OR(I.), x d: OR(I ).. Than 
S(t-) » 1^(3) (x) and S(x) - XjCSXx) for all atatee S € J , ao S(x) - 
Xj(B300 ■ IjCIjCS^Cx) » J(S)(x). Therefore x <f OR(J), which show* that 
OR(J) £ ORC4) UOftdj). Also, If x€ ORCI) but x a; ORC^), 00 that there 
exists B otato s € /with S(x) * Z 1 (S)(x) but X l (S)(x) - X 2 CX l (S))(x) - 

J(S)Cr), then S(x) »* J(3)(x), bo that x € OR(J); this thoui that Ol(Ij) - 
or<Xj> £ ORCJ). 

Now let x f£ tRCl!). x 4 n Oj)« toC S t and S 2 ba any two states of**!' 
ouch Chat S x (e) - S 2 (z) , = I* x; i^,» if 1^ - K - fx} , then 3, \ M, - 

3 2 1 M l SlnCe M l P M8MMB ?SV» w have W | M l " ^CS 2 > I Hj, and 
also t,<Sj) I ORClj) - *i<3 2 ) | OKC^)- Since Hj U OR<I 1 ) possesses XP(I 2 ), 
we have Xjtt^)) ( ^ (J 0»(I X ) - IjCXjCBj)) | Nj O ORdp, and also X^ 
(S^)) I ORCIj) - X^CIjCS;,)) I OR<I 2 )l that la, J^) | Hj f Oe^Ij) U OR(I 2 > 
- J<8 2 ) |MjU ORC^) U0RO 2 ). and alnce OR(J) £ OR^) U M<X,). we have 
J<Sp J OR(J) - J(3 2 >| ORC'). Thue x «j IR<J), and XR<J) C a^j g »(X 2 ). 
If XR(I 2 )n toO-i) - #♦ than Xat x* OtOj) U ORCIj). If x <rOR<I ), 
then x £ OR(J) by the above. If x (: ORCIj) , than let S be a atate auch that 
S',x) l» X 2 (8)(l0« By (c) above, wo have X 2 (8) (X) - J(S)(x), so that 3(x) + 
J<S)Cx) and x e; OR(.7} B Thoa OR(Ij) {J OR(I 2 > « OR(J.) , since the inequali- 
tica hold In both directions. 
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Tc show that ?A(X ? ) <i XR(J)» ur-dcr che ojw hypothesis* vg :-*y .7l:£t*, 
by (a) above* thai; ER(J) poosease© IP(X 2 ), let: Sj. S ? ^ s /1e ewA trfot 
S t U(J) » S 2 XR<J); thea J(?,) | 0&{J) M JCSj) j OR£J). Since QR(J*)£ 0*.. t} 
WB have J<S-> I OR(I ? ) * J(S ? ) t 0il(I ? ) o Applying (c) above* wc ac*c tfcefc 
I 2 (S l )| OE(I 2 ; ■ I 2 <S 2 )j ORCIj)* thuj XR(J) ?oaKMM ZP{Xg>» coapUtinr 
the proof of Proposition f # 

The condition IR(I-) fl 0K(I.) * 0* under .ritich stronger atateaonta 
ran i>5 jrtfdo 3*>oue Input md output ■ ^iona- r . : usually lean 'nter**fii:lup 
tfian ite opposite* For ?san^la # if wo perform a "clear and add X 1 ' Coiloved 
by o "store in 5" f we ar«* uGing two instructions tn vhlcb the Input region 
of the second overlaps (..n fact* coincides wi£h) ttic output region of the 
first* 

Under oven stronger conditions* such as tihu IR(I A )0 0&(Zf } ■» 
and Ott(I l >n OR(I^) - 9* we can show that ZR(j) * XR(Ij)U XR(I 2 ), In 
£Mtj a more bftural statcroent holds* with a weaker conclu&ton: Xt 
ORC^JflORdj,) ■ £» and ORCXj) U 0R(X 2 ) ■ COtf)) then IR^)^ XR(.T)- 
To show this* we bfive onJy to show* its before* ChoC XIi(J) possesses EP(X|)* 
Let S,* 3 2 £ <?be such tlot 8-1 IR(J) ■ sJlR(J)* and let y. £ GR(l'); 
we oust show that r-(S.X-) * IjCSgXx)* Since k £ 0R(I 2 ) » w have 
WW -I 2 « x (S 1 ))(x; "J(S x )00, and aUo ^(ipCi) *J(S 2 )(x), 
Since x £0R(J)* we have J(S,)(ac) » J(S 2 )(x), Therefore X(8 1 )(s) « 
I(S 2 X%), Th^ stateaient made above* that XR(X 2 )H 0R(X.) » end 0R(X-)O 
0K(X 2 ) • * implies XR(J) - »<!]■) U XR(* 2 >. now follows from all of the 
preceding* 
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II 3 r :^->/i3 dafinc.t by J*(3) « IjO^S)), thou J * J f (i»fi # , 
I, *m<* X., Mill eoirautc) if ORd^n <ia(X 2 )U OR(I ? )) " V and 0R(I 2 )O 

Un< ur vfaau condition'; can we dccompooe an tMtruetio:. l! <&•***£ ixxv 
the prc'dirc? of simpler cups f roni tf* into<<£ (iresardlee*; of Aether ChcJie 
ore inrtru^t&ono o»w)t It should bft /jppurcn: by now that the ir ai«pi*Gfc" 
tastru': Clous* in our ecx\$Q> *cc thoao which hove :.v.iil Input ami output 
nglow?* *£ tttrnn out that* If IR(1) fl OR(I) ** 0» Cho instruction J cc»i 
be written 98 the product of lnotruotiona having output region i*^ , for 
k £ OR(I>. Even when IR(I)n 08(1) P 0, *» can "apUt off the olaoenta 
o£ 0R(X) - IR(X)» Shuo vc roduoo to the case IR(X)j? 0R(I), 

?RDP0SmCH VI. Ut 3t € 0R(I) * IR(I). Then I may be written tts 
t(S) - I 2 (X 1 <S». "hero WtjS !*{». ttCtj) £ I»(t)?fflftlj. ) ■ Jx? , 
and 0aci 2 ) a CR(I) - Jx] . 

Proof: Define X t (S)(x) = I(S)<x), Z 1 (8)(s) - S(t) , z * x; .nid define 
X 2 (S)(x) - S(x), I 2 <S)(b) - I(S)(b). * * x. Then X^I^SHCx) - XjCSXx) - 
X<3)(x)» and, for z f x, I 2 (I l (8))(z) - I<I l (S))(s). By Imm (b) in 
Proposition V. since M-£>$ 2 XR(X) and X, (3) j M-{x^ « S [ M-$t| - we hove 
xa x (S» J &f*1 m J:C3> I »£$ . Thus I<S) - I 2 (I l (SJ). It i3 clear from 
the definitions that 0R(!j) £%$ aod OR(X 2 )£ 0R(I)-fe^ . By Propos it Ion V, 
0R(X) £oR(X.) U OR(I,); intersecting both sides of this atatecent first 
witii iji} and then with H-£*$ , we obtain \«l ^. OR(I-) and 0X(X)-£x^C 
0R(I 2 ), so that: OtfXj) -Jx} and OR<I 2 ) - OR(X) - £x} . If S x , * 2 € ^/ 
aro sudt that 3j j XR(I) ■ 8 2 | XR(I) , then X<8j. ) | 0R(X) - I(S 2 ) | 0R(X) , 
ao thoe X 1 (8 I )(x) « X l (8 2 )(x) > and X 2 (S 1 ) j 0R(X) - £x} - X 2 <S 2 ) j 0R(X) - Jxj. 
B*nea >31<I) s..tis*i<o both input propertied XTdj) and XP(I 2 > s 2nd XH(I ) £ 
IR(X), XS(X 2 ) £ XRCD. 
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fi. pwducts and m 3 true during 

Jn this cbaptrtTj w cbnll use cociputerfl as: In Definition /. Wc b .*hj3 j 
like to onavcic £h<* eiicyCionrti Ci*u we have £ j*rcJuct o* : cuo QOjiputc;ai? 
Cod MO hev© £ cub^ca'puter o£ e coii*mtcrt It tumM out t!iot there :.£ 
ftaothor quectloa, eclated to these tvo, fcut of greater interest thai* 
elthor of the-do 

Since the Get of at3tesv*of o computer i- n product wex- fill intV:; 
ret M> It woultf f:*»OK that t'^o cotrotitora can be combined by teFclrg »t prcx* i*( 
ovor both tndea: $cCB» If jrf| and xJ* an tbfl setu of Btatei of the tvi 
cortnuterc, aaAdPtB the act of atetc:; of tht product » Chon<^*^f. X**; 

and tf I t : jfl^ 1 — » ^>, aid I 2 3<*2 "*^^* ciwa w ^V define En a 

CETIHXriai C, tet (Hji ^» t^j) ead (H^ */ 2 » t^ 2 ) bo cw co^itcrc 
in the oenoe oil Definition F; that is ; , for each clement of M } *md vt H ? 
w have defined « set B and an elcraent b » *:id irf _ ( </ ? ) io the 



raetricted orrKlurtt over M, (over N. ) P of the B relative to th< b . 

ket^be the restricted product of the B relative to the b ovftl" K* ^J IU* 
Then ^/ - </ 1 \^ If I t 6 \J?j end I 2 fi d^. W define tha oap ^ X V ? : 

J-yJby (Jtj X XjKSj* « 2 ) * (I t (S,)* I 2 (S 2 )), and ua denote the net 
of all ouch Ij. X I 2# fur I ; 6 \S V I 2 6 *£ 2 * &7 \P l X ^ r »•*» the 
counter (H, U ILi ^» ^, ^v^ 2 ) tB the fiS!4iE£ o£ tho two C™apUtMi 

(H^i J x *s£$ ond (l^i/j^^ 
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££ I B I t X l^' t ^ r *** +ijl P ut OTvl output regions of I rrc Uic unions, 
respectively- of the input and output regions of X- end I-* Computers 
uhicb are pow?uctc f in thie foxi, alaoot nover occur in the real world.* 
XfrU is so cv-w though our definition , despite its length, is the Boat 
nature? definition ue can make of n produce coxputer* Several situoLionr 
with real co&iniCCire-'-for exonplc, the addition of extra icowry to an 
already existing compute r«aliaost correspond to tho taking of a product* 
Jt: may be argued that the addition of extro memory alvays Involves soce 
coiaplexity of a purely technical nature* Hot there is another perfectly 
good reason* and this is that product instructions arc in a sense incorapJetc, 
Dot* con never be moved* under a product instruction, from the meoory tL 
to the rceojory M^> or vice versa, despite tte fact that the input and output 
regions of tho product ma/ intersect both li, and Mj« We say that H t 
canaot "affect" M*. This is one of the bates for our introduction of 
effected regions in the nwet chapter* 

If M ie the product oE ^ and jr, then M, a.id M- are certainly 
"sutaoeputers" of M* As s matter of fdet, this kind of subcomputer la 
the >niy kind that makes ; f .;vc-, unless ve change our definition of product 
(for exanpic, to cover enUrgeasent of the ceta B )* 

DEFJOTTIOr :-■ . Let (M> j\ ^ ) be a computer in the senae of Definition 
P, end let M 1 be a subset of M# Let*/* 1 be the restricted product, over 
the index set H v a of the 3 relative to the b (defined by H and*/). 
Suppose that for each Instruction I £\j2 there exists a mop X': / , ->/' l 
mieh that X'(s] B*) - (1(0))| M ( for each S**£+ Let W? 1 be the 
co7.5.ectlon of all auch^Kj Then (M 1 » ^'i^Z') ie a aub copputer of (ft»^ 9 sff ), 
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lu particular;, :l£ (M *rf i\k ) £o the product of QU*J?- vv\) aud 

aUb&cirputU£& 5:! (M,^^J* She question may be mload ao to vhethcr fcfcam 
?.u a condition on t»:o Inpttt nod output rug tons of fcho instructions of 
whicb voalO ba noc+saary md sufficient fov lobcMputera of u certtiin £o:x, 
to «iat« There i^ a condition, hut it ia on the affected regions? «hicli 

ora defined in Chapter '■ 

A <»or# intaveatlng eonetmotloD to the EtlftBJSfigjffii of ■ computer 
kef: (N**/j%0 9C a compu.er and Ict/^bc a decomposition of M» tiio': i», 
a class of dlnjoiut non-crpty frUbutfl of M whose union ia M* For oach 
h 6 » * Iftt S n k° Uw ***1 rictcd product of the B * relative to tin* b » 
t/7or 3* a* an ludojc flat* .»ud let h ft be thu oleaent of this restricted 
product vJiosc co-ordinat* on the coap^ncnt B fa b * Lot d - be the 
rssticictcd product of fclw D n relative to the b n » over 1) as an inde:: set,, 
fficn tbfttd id a canonical one-to-one corraspondence bctt^onx/and xf* % \ 

to tk<> elcmea'X ofw tthMQ co-ordinate it x <£ H io a correspond* the 

x 

clfetant of ^' whoue co-i>rdiuate at D tf^j whore s £ D, la a iraraber o<: B D 
t/hoaQ ci^ordintitc at x io a * Ihus It la possible to speak of^ as a sot 
of maps I: ^' -**,/,* + 

WPXHITXOH J* i*t (H*^ »^7) be a con^uter, and let /'bo an arbi- 
trary doconpuaition of M as ftbovo* Then^ la called a memory gf.racty.rg 
tQX Qf> j/kifiy* Tiio process o£ pausing froa (H»/ t ^) to C& 9 */, 9 *%&)* 
at; al»ve, is affiled .rgftfcTfftv*UBg G**^*tJ?)* 



"^ 
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X£ I tvi\ Chon I ho icput and output regions no an instruction of 
0** *f b t£ ) and no an instruction of (/£ , aC ^*« W?J# The regions in,^ 
ere found by Including any attflbor of *v which contains a aeobcr of tlic 
corxcipondisg rcfliona In M- 

r&structurfn;; te a nwch commoner pi*oc?38 than taking product** Tn 
Che flnt place ( the restructured computer has the f;mac states as tho 
original computer* and therefore restructuring te noi: a phyolcal proce^;; 
(ouch 03 a change in hardware) bo mich as a logical reorientation of thi 
way ve view the computer* And it is a process in which computer pro- 
grammers engage quite often, If a bloc!: •*;■ data in a binary Gonputer In 
alphanumeric, for example, ire think of the block as broken up Into six-bit 
characters > vhich la equivalent to taking a memory structure In which the 
six-bit groups are oete occurting in the decomposition^ « Over these 
seta the B-^ hoee order 54 a Agaxn, we csn take a ©croory structure In which 
coLpucer words are uembcre cf the decofflpotition. Over a computer word D * 
the ant B n w^ll have cardinality 2 (or 2 , triiere there are b bits in a 
uord) .* If the word is floating point* end we ignore the fact that decimals 
ore gives to only a finite accuracy* we can think of B ft as being the set 
of rc::l numbers, thus bringing in an "idealised" comuter* 

The concept of restructuring also onawere a question we rsay have had 
rbout the property (PI). Given a 4-tuple (A 9 h r /.^), as in Definition C, 
in which*/ docs not aotlsfy (Pi)* but "almait" does no, and at the snae 
tlios does satiafy (P2)* How »auy of the properties of the set of states of 
t> computer doos >/ "altnoct 11 prasorvet Putting this question on a rigorous 
basis, lot us loo!c at all suboots M 1 of H> relative to which (Pi) Is always 
satisfied* By the following thoorem, this Mt always consists of the 
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ira&c-rg of a decomposition and their unions.* ihe concept o T reefefuctiiir* m 
nu&os aunse oven vithouc ('!)■ and eo we nay restructure our 'almost'- 
cojpvGo?:" by cfrc cccvtipaaiciQn*0 —and the result will be a coiqrateir* 

?M)F03SEIGS VXX« I^t K and B be arbitrary Beta, let*£ be a sv& ■>£ 
mopo SB K ■* a *A£ch satisfies (P2) <oa in Definition C)> and let^b.T 
a uofc of saps X; j^**^* Ltt/ 7 be a claoa of subsets of M* ae follow; 
?4f>t& an<I only i£, given S^ S 2 6j! > there eaciato Sj£^> wifch S 3 <<) 
« ft T {x) tor 3 £ P and SgC*) ■ S 2 00 Cor x^ P* Than/ 7 consists o£ tho 
umbcm of a docoopociblon >#of m* and their unions* If di*^ *>£) io 
restructured uudtr/^i then (^'^J^ as in Definition J, U « computer. 

Proof: *fo show that/' consists of the members of/c and their unions* 
it sufficett to allow tha" 7 is closed under tho foraation of complement* 
and arbitrary interscctione* For let x£ M, and let D be the iotoraccticn 
oC all tarabcro of ^containing x; there exist such members* in fsct, M 

£t$el t £ in one of them, D. £2? and x£ D fl If » and D arc net identical. 

a x y x. 

a«y D - D £ tf, there exists x £ D , x £ D £ ; then D H (H - D^) is in/ 3 ! 
confcaina y# anJ is contciucd in D » and ie therefore equal to D , go that 
i) ft B ■ 9* Hence the D arc cither disjoint or identical. By Da Hoi'ipia's 
J.awSa^ls closed under tho formation of arbitrary unions, so tfiot every 
union of sets D is in ^ ; if P £ /^and x <? P» then D C p^ go tliot r is 

X X 

a ufcion of aofca D * Henc*^ constats of the aenbers of the decomposition 
/9 tut<» tfaf* s<*to D.i end ihoir unions* 

Xijnt^ 13 cloned under the formation of complements Is obvious. If 
Bj, 3 ? £ /* o»d coutaina S 3 * 8 3 | P - S x | P, S 3 | M-P - S 2 | M-P, lod d 4 : 

*4 1 ° " 8 1 1 <*> % \ KH ^ * h I M ^* th «*^ contains S^ : S^ [ Q «* S^\ Q # 
S^ I K-Q * S„ |M*Q, from which it follow that S- PHQ ^S-IpHQ, S 



5 | —* " "2 i " x * W4 ** " A * *••" "5 



11 " " x? "5 



M-(P|0 0) =- S 2 j M-CP/H Q) t Hence/ 7 ia elOMd under finite intersections. 



. 
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Hov let A ba .n: .-.vbJtvar / txtc.cn set, .t>id ;o.i c.i«l» r. (. A lot F^ ,_ /•" ••.«.' 
»lnca /;aac::<'it propsriy ft2) . H to ©nil*. l-'ot &«ch a € A. ).r ^ * 



POP » Blnec **" H , orc WnltOi thavclh n iJiufc* ruhset A' fc ; A such t.lii i 

a* A' " «£'. " 

whore »' - n V tfc<m " tvIaU * - s " 3 I V 11 ,, " s l ' V*a " S 2 I Vi Vov 

each 56 A, to (AM S 3 | Jl" " S L ( H", :; 3 \IM" - S 2 | H'tf'. «herc ffj ■ f^yY 

WmaPt* closed widar tin Bomafclou of i-sWtrary ta-iorsecfclena, and, 
by th* procedliiS va-ns«!'h» COMlOto of tito nounara oi .1 tSoccnposlcton 



of H en*' thei*: unions. 



to prc-wo r!.« list st.ittwnt of t>rop06>:tioc V(l , It (» fliol. necessary 
io rodoflne r.n trccturlm; la teran of Doftntloii Colo computer, 12 
(M, B,V,vJ?) '.t ji coaautcr und*r Definition C [with <:he poialol* crceotlco 
of property (Pl» P tndX^is o decowpoaitiw of M ; than \-« nay de£lne the 
restructured euanuter ( /) , B l t J\ ^> « follow (ag^in pcsolbly nSthcut 
(Pl)>„ Tho Sot Of nil d:.8tloct S | M< , ( for K 1 £ M, will be denoted by/' H 
Then B' to the union of nil J |l> y , *heJ« D^f^ and a £ D^, end J » la the 

get of nil inapt Si/)***' cuch thnt S<0 ); >^K '° r "" D x e ^ " V ™ ' 
if ./ actiaflnii <T2)> but not nccosaartly (Pi), and if ^'jud.^arc con- 
stpieeod as above, then Uic reetructuved cooputor i /} , B' . **''.** ) will 
be atKh thet /• satiofios (PI) relati^ lo£ . For lee 8j, 3^ 6 J ' and 
/ff'C.jO: w are t o nrl^ that fl j (; J ' , whe-re S^(D) , f or D e ^ ' ■ and 
SUM - S£<0), for I jO 1 ' I f s i' S^^ '^respond to S[, S^ £ \ 
and M" Is tho ubIoq oC oil Dt/)': then, b^ construction ef/)'»M'6^ . 
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nvi there exist j e *tnte Sj^^with S*(x) = M*}i * €M r j and •-(«) 
S-(x), x V 1 M% Ibis ofcate S* conrcopondo to Si £ ^"# conpletlns Che 
proof o£ Proposition VII* 
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7 * ft Wetted EegloM 

Affected 3iui affect-log regions £3 m <*c*:-no rtaia Iicie„ aw .i 
substructure on tfu» Lnpuc find output tenors (if an 'tiar ruction. Ac^acdlnj, 
Co ou: definitions; i;he input region (XI (3) i£ the set at all cLjacata ©? 
Mttorv uhich con Ik affected by X; the' ipjmi region tn(1> 15 tlio so** o( 
nlT atich ftlenttMfifi which cjo affect Ott(A)* fiiven n nubuei of ltf{Tl- what* 
cVnente can affect it? Wf give precise deClnlf\(.oa& of theoa eouMptfi 

DSFJNITKM K, Let Crf, B» J ,\J) be a can*utcr aud let X be jrn 
instruction on X v Then , 

AJKM'p x) • £* c- oacr)* 3 s x t s 2 6 ^ * SjC*) £oi z v * au>)t 
% 4 M ( , *nd Kspix) # i(s 2 )Cx)j 

for each Mt M l £ IK(I) , and 

ra(hS i> - £* 6 met): arc t x 3 » *>^ a 1 * *1 

for each set M* ? OKU)* W<t call AR(bT > X) an a ffected region , or the 
jrpgloii^affectcd by, M 1 unde r £> and we cjII RA(M' > I> an t tfeSXiffl rcfiio n 
or chit rgflion a f f ocfclofi M' uncer I* or the .t aaton which affetta H° vod e r I* 

Every non-null subset: of IR(I) affects ;:o.na nnn-nuil aubper of ORit)* 
othizulac there would exist L £XR(I) such that S. 1 JRCO-L * S ? I X»(I)-I. 
iaplies 1(8-) I 0R(£) - X^S 2 ) | OR(I)* and the Mt XR(I)-L would possess 
XP(I), contrary to the statement that IR(I) is the intersection of all 
aubscts of M possessing XP(I)» Also, AR(0* X) - and RA(«J» I) « 3; 
the second atntcaient to trivial, and the first la Just a restatement of 
propositions X and IX- It follows directly froa the definition rh*t, if 
M l Cj)% then ARftl's T) £ AB(M", X), and tbun AR(A O B, X)£ AR(A : X>0 
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AX(»» /.) and AI.fAUB, I»p,'.R(A, KJu'AT.Ca, -i). In .fact, A«<A U B . T) •■ 
AR<A, I)U AKCB a I); CO show the Inequality in the opposite uirectloii, 
lot 3j, S 2 ^ y be such that Sj ( IR(I)-(A Jt) - S., | IH(1)-<AUB).. LaC 
S 3 6 <^ be denned by S 3 | A • S r I A, S 3 | M-A - » 2 J H-A„ Then Sj ! XStt)-A ■ 
S 2 J XR(X)-A, and, since :tt(I)-(AUB) U (A-t) = IU(X)-B, 83 | IR(X)-B - 
fi x I IR(I)-B.. Thus T(S,.) | OR(X)-AR(B, I) * If:^) | 0R<X)-AIt(B. I) oad 
I{S 2 ) I OR(I)-AK(A, I) - :;(S 3 ) J OR(X)-AR(A, V), and therefore I(S l ) f OR(X>- 
(AR(A, DUAROJ, I)) - I(S 2 ) I Qtt(X)-.(AR(A, I)UAR(B, X». this ahows 
that a nenbor of A!t(A U II, I) cannot lie outside AR(A, I)U AR(B, I), 
I.e., AR<AUO H I)£aR(A, I) U AR(B, I). 

It therefore follows that all the affected regions of an instruction 
X are determined by the infected regions of single elements k £ X9(t). 
These regions can bo single elements of 0R<1), or they csn be the entlro 
output region. In the instruction (ADD y) on 1 computer with an accumulate - 
the input region Is YUaC, end the outpu-; region la AC; the affected 
region of each bit position of Y (or of AC) is the co rrcsponcing bit 
position of AC, together with all the bit positions to its left (provide*! 
there 1g no provision for overflow). If there is cod-around carry, the 
affected region of every bit pooltlon of Y or AC is the entire AC, 

On the other hand, so=e elements of QR(T) oay not bo affected at all; 
I.e.. we oay have ARdR(X) , I) t OR(I), This oay happen, in particular, 
for an instruction in which XR(I) = 9, that Is. a. constant ioutructlon (such 
as "store zero")- in such an instmotlon S | OR(I) Is a constant., i.e., 
independent of S- ?.vory instruction may be written 00 an instruction for 
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which AR(IR(I)j I) ■ OR(t), followed by a constant instruction,, 

Hw may now formalize the statement we raade in the last chapter about 
the product of two coniputore* 

PltOPOSXTWlJ 7X11* Let (M 1 »y i » v j? 1 ) and (H-a^-**^ be copl l mtevD > aa * 
let CH»<^»vt?) be their product* Lac I =» I.x 1 bo en instruction of *J?» 
where I x 6 W? L end I 2 6 S^ 2 * Then IR(I) = IR(I 1 ) U IR(I 2 ) and OR(I) ■ 
ORCIj) U OR(T ? )* Furthermore, AR(Dt(Z 1 ) f I) - ORCXj) and AR(XR(I 2 ), I) « 
OR(Lj)* Thus, under o product instruction, co ncmbcr of cither oeaory c:m 
effect the other. 

The proof io by direct computation* 

As an illustration* suppose wc take M. to be the core oerory and the 

registers of a real computer* •/, to be the set of all reaps from M. to 
£o» 1^ f and ^ to be the set of ail instructions in this computer that can 
be defined without reference to a location counter (arithmetic, logical, 
ohift, floating pjint instructions, otc.) Let us take M* to consist of 
r.m - element, called a location counter : J ? consists of all naps from 
!-:., to 'f c, 1> *•*, c-lj» where c ia the site of core* and ^consists of 
on* instruction I which increases the counter by li 1(3)00 ■ S0O+1. 
If we take the product of these two conputere v we get nothing essentially 
better than what we had to start withi each Instruction increases the 
value of the location counter by l* and eVt is all. He obtain en improvement 
when we let M, affect >L : letting the location comtor affect the contents 
of core (by decoding the* instruction stored at the given location)* He 
obtain an even further io^rovement when we let M- affect M,* An instruction 
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which is such Chat the content* of core affect the location counter is 
known ae a c ond ;.t ioa.-il Juop (or transfer, or branch). 

We obtain another proposition on subcosputera. 

PTOPOSITICM IX. Let (M,./,^) be a coaputer, and let H 1 be a min-set 
of M. Lett/ 1 bo the restricted product of the B rolotive to the b^ for 
k £ M' as In Definition a. Then there cxlse.fl a oubcooputcr (M' ,4' .*#') 
of Qt,J,\0y If and only If, for each I 6iJ?and each r £ IR(I> , AK( £x^ > I) 

Om' • if x£ M'. 

Thus M' is the memory of a subcooputor i? end only if M' -fl nevor 

affected by M-H' ^although M' can affect M-M f ). 

Proof: Suppose the condition holda. Lou I ts^and defino I* : 

J'~* J* as follows. Let S | M' € ^'. let Sj £ J bo such that $ t | M' 

- S | M" (e.g. Sj ■= S) end defined I' (S | M') = (t^)) | M' . IE S ? 6 J ** 

another state with % 7 \ M' - S | H', then, aince no element of H* ie In 

ARC Ixj ,1) for x £ H' , we have (KS^) | M 1 « (I(S 2 )) | M* ; tfwa the 

instruction I, as above, is well defined, If^?io the class of all auch t» , 

than (M'./'.J?') ia o subcomputer of (M, */,,£). Conversely, if y £ M' fl 

AR( £*5 » *> • ***" K ^ yt • ood S l' S 2 F ' ai * SUCl ' Chat S l I ^ ? X 5 = 

8, lU- Jx^ (so that in particular Sj { M' - Sj | M') and 1(8^ (?) * I(S 2 >(y), 

then no instruction t f cen be defined on M" ouch that l'(S | H') = (1(3))] 
H' for each S £ J . 
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8, A r.cot £ot the validity of on Algorithm 



Lc^ us corsidcr two instruct tone > I- &nd E^* If A £ 1&(£^>i u0 
nay calculate AR(A, IJ - A' , ond than 61l(A* r I 2 ) « A". Wh.it relation 
dooo A" have to AH (A, 1^)* The trouble li fclwt thece rejjtoM moy not 
«11 be define*; for instance* A 1 amy not be contained in St(X 2 )- Fow 
this and other reasons, \,« will need c dciiicition of affected region 
which dooo not depond on tR(T) and 011(1)- Iwfcunately, thie definition bdil 
a filmplo relation to the preceding one. 

P EPI N rriCTl L* Lot (Hi Bi*/#\$?) be c ccsputer and lot I bo an 
instruction of \^* Then 

ttjCM'. X) = £x ^ Hi 3 S V S 2 * ^ * S l (:5> ' B 2 W f ° r * 4 M ' And 

IOjXx) ^i(s 2 )(x)3 

for each oubect M* £ M. tfo coll Al^CH* * I> tlie second affec tgd jogjog 

of W* under I*, 

Now lot I. and I ? bo two instructions aid iot I be their product; 

t(S) * I 2 (X l (9»* Wo verify the relation 

AE^CM' j I) 5= AR 2 <AR 2 (M t > Ij), Ij) 
for each subset M" £ M* It is easier to do thia if ue first characterize 
w Q|' p i) in a different way* Ko recall thai 1R(I) is the intersection 
of all oubsets H of M which poasooe the predicate 1P(I)i if S^ J K - S 2 | N, 
then I(S t ) | 0X(X) - I(S 2 ) | 0R(I>* Similarly, wo <aay characterize Al^CH* , I). 
if & x \ M~M' - S 2 | M-M* * Chen t&j) \ M-H - HS 2 ) ) M-B. For x is not in 
this interaction* if and only if there exiut* auch a aet H to utaich x 
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Uf. 



coca not belong, Ue., gj M-M* * S 2 j M-M' .apliea ZCS^OO - I(S 2 >(x) 
(elncf x 6 M-ll): that ia. If and only ±1 x tf. ARgCM' » !)• 

It nualas to show Chat AJ^JM'. I> icsolf poase?ao6 AP^M 1 . X); this 
io lett as an exorcise elone. tho Uneo of Prcjooitlrao I end II, u*inf; 
proportion (PI) and <P2) of /■ It fol'.cws lie* this that a sei' u£ H 
poasanHB AP 2 (M f , I) If and only If it ccntair.0 AR 2 (M', I), oince » 4 0» , « » 
13 cloarly preserved unctar the tt>ktng of supersets. How the verification 
of our aquation ia otraj^ht forward. If Sj| M-M' « 5 2 | M-M', thon I 1 (S l )| 
lMUU0t*f Ij) ■ I l <S 2 )| M-AB 2 (M', I), ao that Ijtt^))) H-AR 2 (AR,(M' , 
I,), Ij) poaeosccs APjOt 1 , I), and thus ARj 01*. I) £ AR^A^Gi', XjJi Ij)* 

Ho now give the reliitlon between AR(M' , I> and ARjCH' , I) w:>cn M'9. IK(I) 
In ordar to do thie we uuat firat introduce tha uniC component of a coapu 

BSFSIXTKa M- Let (»,/+#) be a conputer as In Definition F, and 
let Z £ M bo the oet o* all aleoents x 6 M ouch that B R has exactly one 
eloocat. Then Z la the unit eomooncnt o* (H,J » J? )• 

(In the aamo way, wa could apeak of Che- blaary component, the declcil 

canpooent, etc. ) 

PROPOSITION X. A^CK 1 , I) -AR(M, I) U W * OR(I)-Z), whero Z is 

the unit component of (H».« t«K)> 

Proof: Let S lt S 2 ^ybo auch that 5JB-H' -S 2 |M-M*. Togo 

I(S.) | M-M*-OR(I) - S t [ M-M'-OR(I) - 3 [ H~M*-OR(I) - I(S 2 > j M-H'-OR(I); 

also ICBj) | OR<I)-AR(N\ « - «S 2 > | <*(I)-Aa<H'. I) alnce 8 L | IR(I)-M' - 

S 2 | IR(X)-M'; finally, X<8 t > | Z - I(S 2 ) | Z- Thia ahowa that (A U OR<X)>n 

C0a<3)-AR(M' t I))0 (M-Z) pooaoasce APjCH 1 , X). and since AR(W' . I) Si 
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ORCX). ***■ is equal to ar<m', I) U (M' - 0K<X) - z). Thus AR 2 <K' , I)£ 
AR<M', I) U 0-' - OR(I) - Z). ConverBe:.y, tot x £ AR.,(M' , X): Chan ?0i 
ovory 6wo «.ite 3 5 l( S 2 € -f-lth SJM-I!' - « a \ M-M* , w have [(B^fr) 
" ICS )(*)* This means that x £ AR(M' , ::>; .iiso if M chooee Sj H-M* 
» S H«M'. S.OO * 3 2 (s), an la pocslblc for x£M'-Z, and If in «c\K. icn 
x f* 0»<I), W have KS^Cx) - SjW, I<S ; ,)(m - S 2 <*). so that I<Sj>(x) 
i» X(S 2 )(K). and x € AHjjCS'. I). Therefore ARJH*, I) U <M' " ORU)-Z)£ 
AR.CM', I). Tilts completes the proof, 

Aa a covoUary;, we may dotcmine thai: to-:ond affected rtgions have 
rj»e same connective properties au ordinary affected regions. For Inatarca, 
if H 1 £ H", then AR 2 (M' , I) ^ AR 2 (M", S}i Uso AXgCM'U M", I) - AR, 

CM', DUARjOVS i>. 

Theoo facto nay be applied to coe?tut«r algorithm, !•••, programs. 

Let us consider a program which hao no Jumps or conditional jumps, so 

chat it can be thought of as just a sequence of Instruction*,- Such a 

program olghfc be one to determine the v*lus :>f x according (o the quadratic 

formula. The coef ftcienta A, L, and C, the .olutione R00T1 end ROOT2. 

the accumulator AC, and the temporary reijiet-'t TEMP oro all subsets of the 

memory M of l:he computer. How the composition of all the instructions in 

the sequence is Itself a map I: ./-*/(vhleh nay or may not be an ioatruc- 

tion on tha computer), and as euch has its ovu input, output, and affected 

regions. If the instruction I determines Che two values R0OT1 and ROOT; 

from the coefficients A. », and C, than IlOOTl and R0OT2 should be affected 

by A, B, and C, and by nothing else. By the use of the formula for 

second affected regions, and Proposition X, we may derive • mechanical 

test for this condition. It will never .iboolutely guarantee that X 
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^:tu£lly conrnitcc P.O0T1 and R0OT2 oorrec^ly- It will, hom-ver, el initiate 
errors of the typ* which cause the rcoul-irg [incorrect) algorithm to hrve 
the wrong affected regions* In on incorrect -ilgovKhn, xor example, RXl'l 
ra&ght not be affected by A nt all* This w:lt happen* En pellicular, when 
oiu of tlie partial results has boen overrr: trm— or* in pro;;ra<rcacr&* 
ffLmgi "clobbered" — at *c»e stage of th** algorithm* 

A diagxac of this tact, for Che tfpttll! ♦suae of the quadratic forauln. 
It; given in Figui'e I* (The procedure co^l< + jIco, o£ course, be progcen»4*) 
The various relevant lUbMtl of M are liJttd ^t the left; the ntepa in 
the algorithm arc Hated at the cop* Each sat-aet at each stage is repre- 
sented by a dot* Bach dot \e connected >y li\H*s to all the dots at the; 
next etage representing the second affectxn' r:gion of the eubaet given by 
that dot, and, to only sheas dots, A do: in Che left-hand row con affect 
a dot in the right-hand row, only if there i» a connected forward path from 
ouo to the osher* Note that in Figure L ■■' t ■ is t in fact, a connected 
forward path froca each of A J B, C to each of S30T1* R<XT2* Figure 2 shows 
what happena when two of the instruction (in this case 14 and 15) ate 
interchanged* In this case there ia no com3Cted path fro« C to ROOTl or 
ROOT?, and wc know iracediauuly that the resulting algorithm oust be 

incorrect* The algorithm proceeds a» follows* 

lR(I t l OR(I ) 
I- ; Bring the value of A ( to AC* (Speaking in formal A AC 



teraa, » 1 <S> | AC - S | A.) 



I 2 : Multiply the value of C by the contests of AC* CUAC AC 

I 3 1 Multiply the value of AC by «* AC AC 

X- 1 Store AC in the teaporary cell TBt-fP* AC TEMP 

I 5 j Bring the value of B to AC* B AC 
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V 

I*! 



ho" 

*14 ! 
X I5 : 



L i6 



u 17* 



Multiply the v-»lue of 3 by the corL*?;its of AC. 

Subi.rccc the v;ilue in X12CP from tic contents of AC. 

Tok<* the square roots of the vailur in AC out! 
'cratiso..£ thea to AC and TFM)>. 

SubCract the value of B frcu thf? contents of AC* 

Divide Urn value in AC by the vulit n A. 

Divide the value iu AC by 2* 

Stort fcho value of AC uo S0CTI 

Bring tlw valui of the cell THHT to Uic AC. 

Subtract the value of B from tho contents of AC« 

Divide the vaKe In AC by the Vrtlut In A* 

Divide the valine In AC by 2. 

Storo tho value of AC 00 RC0T2 
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FIGURE 2 



We cany also verify that AR(M'> I) is the intersection of all subsets 
QS OR(I) which possess the property APCM 1 , I): if S, I IR(I)-M' * S- llR(X)-H f 
then 1(8.) | OS(X)-Q ■ I(S 2 ) | OR(T)~Q, The Intersection of two sets 
possessing APfll*, I) possesses AP(M* , I) by vin:ue of property (Pi), and 
the intersection of an arbitrary number of sets possessing AP(M 1 > I) 
possesses AP(H* j I) by virtue of property (P2}« Thus s set possesses 
AP(M' , X) If andonly if it contains ARCH 1 » X)» The entire subject of 
input, output* and affected regions can, in f#ct» be introduced by meant) 
of properties such as these, rather than directly as in Definitions B sod K. 
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The instructions defined below gkwc datii j;rom one pjxt of a computer 
memory to another Id an unchanged fashion* 

I'SI'DISCION N* Let (M, U»y^/) be a ctwrputer, and let 0; M -*> M be 
any map* The cop tt^-+<£ ♦ defined by I(t;)(x) * S(G(x)), is the 
trans mission instruction induced b y G* 

The iolloving types of instructions am trmisaussion instructions p 

induced by vcrious maps C: move; load; i£on) block kranofcv; circular 

shift; sign extending shift; swap or excoauso* A move instruction involviag 

CM single elements X. t K. { M> which nwves the data in x, tox., is 

induced by a taop such that G(x 9 ) * x. , G(z) * z for z / x, » A ©ove 

instruction involving all the bits of two £-bit words, x. » lo *. x t apd 

i d 

y.» #«*■ y.> which «oveu the data ir: the x to the y,» is induced by a 
nap G auch that GvO " x*. If If d* and G(z) * z for s t* y.* Ths saoe 
is true of a block transfer. "Load" and "ctore" are synonyms for "WW," 
with a register involved as the output region for a "load," or as the input 
region for a "stove a " to all these cases IR(I) fl 0R(I) ■ (except possibly 
for the block transfer) „ A circular shift of a d-bit register x*> * + *» 

K d-1* by k blCo t0 thc left * k * d » lfl ind "« d by a oap G such that Q(x.) 
== x. | vhore j • i+k (mo£ d), A sign extending shift of this register by 
k bits to the right is induced by a nap such that G(x 1 ) ■ x,» vAcro j » 



nax(0» i-k) An exchange of two elements x and x is induced by a mop 
Q " 1J ch rcr::'.:.r. :: and x ; the came idea may be extended to the case oj 
two registers - In these lact three cases IR(I) • 0R(I), 
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If the C'uno^iisilon InflCruction J is -'ndi».:cd by the rwi> G, chen 
IR(X) - (atO 6 M; 0(x) * ::J ; ORtf) - J:, «= Hx G(j;) i» xj ; and 
A!K(K* , t> H G "0O» Whls is ^ forthei e>.m?Io oC the fact that aacond 
affected regions ire oft.en easier to Cftlttulflte than ordinary affected 
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10 a Xnput-Ou'put jXvicoe am; Machine Theory 

Although ;he sot M tr. a computer ;.q referred to as the "memory*" It- 
la iicll to rc^iewbe>: that* strictly speaking, u is just an abstract wt, 

which aay not te a computer neraory. in fact, ue will construct. In the 

next chapter, computers with "tateorlci;" that have nothios co do with 

hardware. This point Is further wulerocorik by the iaet uhat, when v© 

ore discussing input and output devices^ tin tnoet efleetlve model scecis 

to involve including the entire (infinite) inuut anti/cr output sequence 

as peit of the sot H# The computer, of couise, cannot moke us* of ouch 

an infinite "uemory"* other than to novo it forward by one or more positions* 

A linear In pu t _dcvi c< ; can bo constructed frcm a subset K*€- M vhicb 
correcponds to the positive integers* An I nput ins liquet I on io an instruc- 
tion I, with X(&)(X) *■ Sfac+k), for x £ M f , k > 0, Ordinarily, the act 
\ l f ,..*» kj 4r M* will arfect other subsets of M, but no other subset 
of M 1 will affect M-M 1 * A ltnear i output dearly can also bo constructed 
from M 1 as above; an Sjffl8fljb tt tl 8tt iS3 * a * n instruction I with I(S)(s) » 
S<x-k)* for * ( M 1 - ^l f ,.♦, fcj • ta whlch ***' ^^ affact £i, ,..., kj f 
but M 1 doe© rot affect K-M 1 * If the subset M* has both input end output 
inctruetionOj it My be called an infinite i iush-dovn^to te, A linear 
input-output device can be constructed from a subset H 1 ^ M vhich corresponds 
to the integers. On such a device, we t&iglrc have the following typec 
of Inatmctlonoi 

Forward read — l(8)<x) ■ S(x-k); £o, ♦ *., k-lj affecta M-M% 
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Forward writ* — I(3)(x) «= 3(x-fc), &u*pz for 0£x£k-l; 

H-H' nffocca f 0* #*** k»lj ; K* does not affect M-M 1 * 
Forward position — I(S)(x) « S(ac-k); H* does not affect M-M'. 
Backward rend — X(S)(k) - S(:c4k); £(* ...» k-lj affccto M-M 1 . 
Backward wrltic — X(0)C*) 3 S(x+k), ayeepfe for 0£x^3;-l; 

H-H 1 effects £o* «*•* k-lj i H " * loe * noC a««ct M-H** 
Backward position — X(S)(x) D S(ac-h); M* does not affect M-M'. 

It may be left as an exorcise tc construct a conputer which pcrfoms 
the functions of a "machine" or "jutQMtOO* 1 a* variously defiood. e g g*i 
sequential aicMie; generalised sequential machine; Turing machine; 
Rabin-Scott two-tape automaton; push-doun automaton; Fleck automaton- 

The theory of sequential machines io* by now, quite extensive; at the 
same tiue* it la common knowledge that the theory of sequential machines la 
of little help to the computer programmer* Whe reason is not* ao eomo 
people would believe* that the theory ia cot general enough; the reaoon 
la that the theory is too general,, In ti sequential machine the states form 
an arbitrary set. But in a counter with 32,768 thirty-aix-bit words, 
there are 2 * * atates of the core aieaory alono* It is perfectly true 

that a computer can be thought of* in certain contexts* es a sequential 
machine* There are functions that determine what outputs are to be produced* 
and what new states entered* on the application of an input* The enumeration 
of such function! would be, not only completely impractical* but pointless* 
boemtse what actually happens in a computer: depends on what Instruction is 
being Interpreted at the moment* and what lt« Input, and output, and affected 
regions are* 



v — * 
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11 „ programs Written in languages 

Doei; the theory of eorputevs, ao deveUjtd here, opply to other 
objects than rcnl computers* Are there objects which are compters, in the 
sens'! here defined, which have instweticos with easily manageable irtpui" and 
output regione, but which do not Involve "a£rimte"t there le et least 
one object of this nature which seeoa tt. b> Uportaah— a progr-m vKftfefcea 
lo ai algorithmic language such oc AtQttt* 

jjet us connlder such a progran, and Jet V denote the set o? all 
distinct variables in the progranu (We art ignoring, for the raooenc, 
the tact tluit distlnce variables may have Ch«- o;irae name— if- for «ta-jple , 
they are local to two difforcnt sub-blocks. Such variables are con- 
sidered hero to bo distinct* Ha are alco wwmlng that no block In the 
program ciU3 itself, and in general thtX there is no neud Cor recursive 
procedures of any kind—a restriction which Mi.ll be vosaoveiX later.) If 
th* program contains arrays, V contains one element for oach .aeniber of 
the array, accordins to ito dimennion; if the dimension ta not specified, 
It in assuTOd, for the percent, to be Infinite, Let R, Z» and C denote rhe 
real3 fc integers, and con*plex n'Jnsbora* tecpsc lively, and let P denote the 
set of all statements of the program, IM low construct a computer (M*<^ * 
>£ )■ as in Definition ? 3 ae follow* H * V U t L ^» where £■ ie j dingle 
objett called the location; for each X 6 V, B x ■ R t Z or C, according 
as x is declared to bo real, integer* or complex respectively, while B^ - 
J>* Each statement of the program is now on instruction* For exanple^ 
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(a) An arithm etic . sta t eme nt > such as A •■ MVZi la an Instruction with 
output region ^A, L? * defined by 1(8) (A) • S(X) +■ $*Y)<-5(7.)» «bUi 
I(S)(L) is the statement immediately foUoulns this oiw« 

(b) A condi tional flfcjtera&nt , «uch as IF (X+Y-E=0) . ic an instruction 
xit*h output :;eglon < hx - ^Chs condition is evaluated on tbu 3tutc 3; in 
this case, it £a determined riiether S(X) + S(Y) - S(Z) is actually equal 
to 0, if it in not* I(S)(L) is Kha next etfitcamt; if it Is, X(5)(L) is 
fcha statement following the next statement* 

(c) A ja:o to statement ii an Instruction with output region £l£ 'She 
value of X(S)(L) is the (labelled) otateraett referred to. 

If so=» of the blocks in the prograo dc call themselves, or each other* 
so that certain of the variables neod to be kept at several recursive 
levels t then each of these variables is vcjlJced* in the set H, by an 
Infinite pueh-dova store as defined in the preceding section* (Or* for 
th*s sake of simplicity* e very , va rlable of the prograp, whether it needs to 
not, ooy be represented in M by such a floors*) If other types of variables 
are allowed* such a matrices, then B cay 1« altered to be a t;et of oetrjoes 
or other objects* If suitch variables arc allowed, then B * P for a 
.witch variable, For each subroutine in the prograa with n paranetere* 

we introduce into H a get of n elements p- ; ■ *«■ pi with B « H. Mien 

the subroutine is called* the elements p. fire filled with their correspoudiug 

values; !*#.* the statement CALLXYZ(Pl» f: > #**» FM) Is an instruction 

with I(S)(p,) ■ P,* etc.. When the pararaautr PI is referred to In the 

5iubt>ro3ran* ito value is S(S(Pl))t 



■ 
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In this situation, there is one "universal" instruction, namely the 
instruction which execute? whichever stcteccct is contained in L* If 
S(L) is to be thought of as ao instruction* this universal Instruction 
io R iven by X(S)(*) ™ S(I»){S)(x)* This ftl&tttion also holds in n ro;il 
digital computer; the universal instruction id the instruction obtained 
by ^pressing the "step" key« 

It is clear that the entire mochanicn: ?£ input, output* ond affected 
regions is Just rxs applicable to chese computers as to real computers. 
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7,2* &:l3tence of Inst- iict lone 

Csu the input* jutj.ufc* affected rogious of on Instruction be taken 
fn^bltraril^t Per coaputen with finite aemoiy, the aasver i^ yes, 
liubjeci: to the restrictions we hove already f Ant loped* Ho input or output 
region can contain an eiettcnfc « 6 M such thut B has exactly one elemeato 
The iniiut region of an instruction can b» void, but the output region ennnot, 
unless the instruction is the identity* The affected regions of subsets 
of IR(*:) arc dot strains c'. by the effected regions of one-clement subsets of 
TR(I)« Other than thin,, however, there are no restrictions for finite 
aemory and no restrictions on Input and output regioos for infinite ciea*ory v 
Affected regions in a co.nputcr with infinite saaioory must satisfy certain 
other conditions* We shall give necessary And sufficient conditions* in 

the cere of countable rienory, 3>r a set of affected regions to correspond 
to the affected region* >f an actual instruction, 

PHTOSOTOB XI* let (M t !8» &yj) be a conpu>er and let P and Q be 
subset! of M. Then th^r^ exists a map IxJ*->£ with IR(I) a P and OR(I) * 
<J ii aid only if: 

(i; P r\ 2 ■ 9 mid Q f\ Z • 0, where 2 iv the unit con^>or»cnt* 
(2; Q H» unless P » #.. 

Pri-of: If ■ € Z, then t*c con never have S(s) y I(S)(*)» so z £ 0&(I) 
for an; possible instruction I* Also, if S-(y) = S 2 (y) for j p s, Chen, 
since I .(«) * S 2 (z}, we have S. * S ? » so we eon never have 1(8. )(y) i* 
1(S 2 )(V); hence z 4 IK(I), If Q - 0, ve hav« S(x) - I(S)(x) for all 
x £ M> so that ICS) - £ and X Is the Identity (sod IR(I) a 9). 
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Bffi let P and Q be chooen according to the conditions (i) and (2)* 
Wo fieoneQ^ £» on otherwise the Identity instruction sotlsfl** the 
c<>ncluiion of the theorem-. First we consider "Aic <:**£C La which (J conclata 
of one element y, Since y <:Z, there exist two states Sj and S 2 such fcluit 
S (y) * SAy)* Z-eC «« de«iu* I:«?-*|Jas EoUoMt I(S)(z) - S<«), a S* y; 
I(S)(y> ■ S 2 (y) if S | P ■ 3. | P; I(3)<7) ■ ^(v) otherwise* By property 
(Pi), C(S) Id Again in ^ « It ic clear Chat Ott(I) £ £y$ » wrf eince 
KSjHrt - S 2 (y) * Sj(y), ue have y & OR(I), *o ttet OR(I) - £y$ . 
If S[ (P . 3^| P, then either SJ | P « S* | P , S t 1 P, so that X(S[)(y) ** 
I(Sl)(/) * S-Cy); therefore ? Mtirxies the Input property IP(I)» and *&(!)£ 
p^ On the other hand, if at € P* then since j: f 2, there exists S 3 £ ^ 
with S,(x) •* SjCx), S 3 (x) - SjCs) for r s* it; thoo USjXy) 1* XO^Xy), 
00 tha: x £ IR(I>* Therefbtc Hl(I) ■ P* 

Nov let Q be arbitrary and list y « <)* Count rue t an instruction I as 
above, with ra(I) ■ P» OR(I) - ! ; y? t and let I' bo a conotaat Instruction 
on Q' »Q - Jy] : I*(S>(x) •* Sj(x). for x £ Q 1 , and X*(S)(x) * S(x). 
for x ift Q\ We havr »(!■) * 0» OR(I f ) - Q'< Bwmum of our known tacts 
about :he input and output regions of a composition (Chapter 5) » we obtain 
imtodiitely that IR(I") - P and OR(l") - Q where I ll (S) * r<I(3)K ThU. 
cotcpleiea the proof of Proposition XI. 

PR)POSmON SOI. Let (M, B r i , J) be a conputor, and let P and Q 
be sublets of M» satisfying !:he hypotheses of Propoeltion XI* For v«h 
X € P, let be s non-eapty subset of Q, and let Q° • U 9 x *» finite* 
Then t w»rc exists o <aap I; ^-?,$ such that IR(I) - P» OR(I) - Q, and 
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AR( £1} , I> » (^ for each x £ P. 

Proof: Lot 3q{^ * lot Q" = Q - Q* , and for each x r P U Q lei; 
8_ $*f bo such Chat sCx) • b * S_(x) , S,(::) for z f x t Pot each scnte 
$ t J! fl-»d each y 4 Q lot n(S, y) be she cardinality of |x £ P; y 6 
Q^ and S(x) j* S (x)3 - By property (P2) , n(S, y) la always finite. Let 
I(S) he defined thus; 

KS)(y) -S Q (y) ( y e Q" 

*(S)(y) ■ S Q (y) y 6 <3 J *md a(S, y) *s odd 

I(S)(y) ■ b y <? Q' pnd n(S, y) la nan 

I(S)(y) ■= S(y) y £ M-Q' 

Since Q" is finite, thta choice yields a nxtni^r of V*. We prove si:t 
um<?«Iom: (1) 0R(I) 9 9; (2) 0R(I) 2 Q{ (3) IE(X) C p; (4) ir(j) 
2P; (5) AR( £xj , I) £ Q x j and (6) AR( £x? , 1> 2 V 

(1) is clear; if y tf JH3' , then, by definition of I, >■ 4 OR(I). 

(2) Let y <<• Q. If y< Q", then S^Cy) i* X(S y )(y). If y 6 Q*. then 
y tf Q x for some *• Wo have n(S x , y) " 1 because Sx £ P: y 6 nod 
S s (x) <* S (r)J "£x$> Thorefcro I(S x )(y) " S <y> /■ L(j). Id cither 
ease y 6 OR(I) , and OR(I) 2 Q. 

(3) If Sj | P - S 2 | P. thon It ±g cUar, by the definition of n(S, y), 
that n;s t , y) » n<S 2 , y) fcr each y 6 Q* , Therefore l(8,)| Q' - I(S 2 ) j Q* ; 
olao I<B X )| Q" - S | Q" - I(S 2 )( Q". Thuo Jttf )| Q « I(S 2 >| Q, vhlch wan* 
that P satisfies the Input property IP(1) , and IR(I) £ P. 

(4> Let x € P and let y4 Q . Clearly n(S K » y) • 1, whilo n(S , y) 
- 0. Therefore I(S K >(y) J* I(S )(y), end , 6 nt(I), Thus IB<I) 2 *- 
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(5) For convenience, lot H(S, y) - £x£ P*. y £ <? x »n<» 3<*) jl 
a (k)| , for ony state S 6 d sad clement ytQ. Lot Rj§ S 2 £ <tf be 
neb that Sj | M-{x? = 3 2 | M- | xj and let y * Q'-Q^- Ua clsln ^"t 
HtS x , y) - »(S 2 , y>. Por if x' 4 P(S t , y), than y 4 Q,., , so that 

] C ' * k and S 2 (x') = SjC*') i* S Q (x*)» bo that X 1 € iCSgi >) . *»» vice 
vaxaa. Therefore, I(S,>I Q'-^ = KS^JQ'-Q^ Slnc« we always have 
t(8,) | (H-Q) U Q" » «S 2 ) | CH-Q) U 0". therefore X(sp| M-Q^ - I<S Z )| 
H-C . Therefore posnesses the property AP( if«$* I '' yhus AR ( i x ?> 

(6) Let x£ P and y 4 Q x « As In (a) above, I(S x )(y) ^ I(3 >(y). 

This shows thot y£ ARC £x?* I). Thus AR(£xJ, I) £ Q^* 
This completes the proof of Proposition XXI* 

As a coasoqusnee of thij theorem, M obtain Che fact that for a 
machine with finite memory M, affected regions of single points of 
IR(1) can be completely arbitrary subsets of 0B(I>> provided that XR<I) 
antf OR(I) have themselves been chosen properly. 

If the condition that LJ <L is finite bo removed from proposition 
XIJ, the conclusion does not hold. There are two distinct types of 
cointer-exacwlec ; 

(I) Let us call an element r6M« inversion point of an in- 
struction I £^J?iff * 6 W(I), a t OR(I), B x has exactly two elements, 
am: RA(£x7» I) •£*?* T*^ m y instruction can have only o finite nuaber 
of inversion points. This statement la a generalizotion of the answer 
to the following quostionr Can an instruction be constructed on a 
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blrary machine aucl that eac!i element o£ M df feces itiiel X and only 
ittelf? For an ini inito set M> the answer is ro, hecf-usu for such an 
Instruction we must hove S(»j i* I<S)(x) for all 8 £ ^ and all x <£ M, 
cortradicting property (P2). In feet, S(x) (G I(3)(x), fur ell S £ ^t? + 
holda for any inversion point x (and hence than can only be a Unite 
nusbor of inversion points)* To ace thiii, lot x be an inversion point* 
and lat 5^ S^J^be such that SjCx) - S 2 (k)« Then KS^Cx) - Z(S 2 )(k) 1 
airce ochorw5.ee there would l»c an clooent 2 ** x which affects x, con- 
tradicting the statement RA(£x|, I) ■ £x J . Thus I(S)(x) la an ftlaarot 

of B which is dependent only on S(x), which is also an element of fi * 
x x 

Tliere are only four poasibilities for such a function* Identifying B 
for the aotr--.ii with £o» l$ t these possibilities are: l.(S)(x)r: or 
*(S)(x) = 1, which tu fofcpo3a)\ble, since then x ta not affected by miy 
elenent of M; X(S)(x> = S<x}, which la impossible, since than x4 0R(I); 
and I(S)(x)=l - S(x), tho only remainlnK possibility, which verifier 
the statement that S(x) * I(S)(x) for all 3 £ *£ ■ 

(2) The region affecting on infinite* auba.it Q £ LJ Q 

caust either be itself infinite* or contain an eiement p tor which B 
is Infinite. To sec this, let P ■ RA(Q Q » I), a:id suppose that P la 
finite and B is finite for r-ach p £ P* Then ,/[p> the set of nil 



states of P, is finite, Let Sj P, S 2 P f *.*» SjP be the e*t of nil 
distinct states of P, for sow states Sj, „„, 3 r 6 ^ ■ For «nb S 
let » 4 «£% £ M: I(S t )(x) V* I<Sj)(x); than H 1 - l^J Hj la (but*, 



\ 
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and therefore Q Q - H* i« non-empty* Let y £ Q ( - a*; wo ciiou tVat* £or 

g g m two states sj, si ^^f» wo ton i(s[)iy) e i(sp{}). \„«d, j 4 M(m( 

I) ? I) i contrary to hypothesis. To this cud, lot us aa.iu x* the I- i*J I P * 
S 1 | P, S£ | P • S, I P* Then, by definition of tu<Q Q , 1). ue hove I(Sj)(y) • 
I(S t }(y) and I<Sj){y) = X(S.)(y), oince y t| H 1 Cor each i ? w \\:w 
KS^Cy) ■ XCSjXy) - «S,)(y). Therefore I(S[)(y) - I{fl£>(y)t its 

claimed* 

Xt 13 -^ n orkabl e that the two nccoasnry coitiitiona (I) and \2) 
abctfc* taken together, are tuff Icient as well, provided that the tuernoi-y 
M is countable* In fact, we may prove the foil Ming. 

PROPOSITION XXII. Let (ti f B,</»^) ha a CMputor* tilth K counfeiMe* 
Let P and Q be oubaeta of K, satisfying the hypachooc© ot Proportion XI- 
Poi each x£f» let be a non-empty subset o£ Q* Furthermore v let 
the following two conditions be satisfied: 

(1) There are only a finite number of inversion polufca xf H, 
l*o.» tlmmta such that; 

(a) x £ Q x ; 

(b) xrf- Q, «, for z p* x; 

(c) B fcar exactly tw elements* 

x 

(2) For ecch infinite nubret Q G Q' » tte sot A(Q Q ) *£x 6 Pi 
H QaH) is cither itself Infinite, or conulna an clement o 

aut-h that B ic infinite- 

Then there eatiefca a map Ii ^/-^with IR(?) * P. OR(T) * Q» and 
Alt; £xj, t) * Q^ for each x e P* 
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